The paper presents a method for comparing the mechanical effects of overweight and design load vehicles on bridges. There is no restriction on the arrangement of the axles and on the size of the axle loads. The bridge may be a simple span bridge, a continuous girder, a truss girder, or an arch. Even for a very complex bridge structure the only required parameter of the bridge is the span length. The presented method is a robust and reliable tool for the permitting process of overweight vehicles, which is verified by several thousand comparisons.
Introduction
Overweight and oversize vehicles require permits to reach their destination. To obtain the optimum route an optimization process ͑Osegueda et al. 1999; Adams et al. 2002͒ must be developed which includes the evaluation of the load bearing capacities of the bridges and the verification of geometrical constraints along the route ͑Osegueda et al. 1999͒ . In this paper, we focus only on the analysis of bridges.
Bridges are designed according to design guides and standards, which prescribe the safety factors and the design load.
When a bridge is evaluated for an overweight vehicle, the designer may choose from the following options: ͑1͒ he or she may perform a detailed structural analysis, similarly as it is done for the design load; or ͑2͒ he or she may apply a simplified structural analysis, such as a comparison of the internal forces ͑bending moment, shear force, normal force͒ resulting from the design load and overweight vehicle. Usually both of these procedures are time consuming and require several data of the bridge. In many cases, simplified methods are feasible, which are based on ͑3͒ the comparison of the axle loads. One of the best-known methods is the application of the "federal bridge formula" ͑Bridge Formula Weights 1994͒, which also has several improvements ͑James et al. 1986; Chou et al. 1999; Kurt 2000͒. In this paper, a new method is presented that can be used for arbitrary design load/overweight vehicle combinations and for any kind of bridge structures.
Problem Statement
We consider a bridge of the highway system, which can be a simple span bridge, a continuous girder, a truss girder, or an arch bridge ͑Fig. 1͒. The bridge has been designed for a load defined in the national standard ͓Fig. 2͑a͔͒; this load will be referred to as "design load vehicle" ͑DLV͒. The bridge is subjected to a vehicle load that has arbitrary axle spacings and axle loads. This vehicle requires a permit. It is referred to as an "overweight vehicle" ͑OV͒. Examples of DLV and OV are shown in Fig. 2 . We wish to determine the stress ratio for the bridge, defined as
where E denotes a relevant effect on the bridge, such as bending moment, normal force, shear force, punching shear at any section of the bridge, or the reaction forces resulting from the vehicle load. The superscripts DLV and OV refer to the design load vehicle and to the overweight vehicle, respectively. E DLV / E OV can be calculated for a large number of effects; however, we choose one that results in a smaller number, n.
If the safety level of the bridge designed for the DLV and the bridge subjected to the OV is the same, n is a measure of the safety of the bridge; when n is bigger than one, the OV may go across the bridge. In the analysis, we assume that the widths of the DLV and the OV are identical ͓a modification for taking into account the difference in the widths of the vehicles is given in Kollár ͑2001͔͒. ͓When the safety level is different for the original design and for the present calculation-for example, when overstrength factors are taken into account-a modification is needed that takes into account the live load/dead load ratio ͑James et al.
1986͒.
The distributed design load is not considered in this article. Note, however, that heavier, overweight vehicles may go across a bridge if the other vehicles are not permitted.
Approach
As we stated in the previous section the effects ͑e.g., the internal forces͒ caused by the DLV and by the OV must be determined, and their ratio, n, must be calculated. As an example, the bending moment envelopes of these loads are calculated on a simply supported girder ͓Fig. 3͑a͔͒. When the maximum bending moments are compared, n is equal to
The internal forces can also be determined with the aid of influence lines. This is illustrated for the bending moment of the midspan cross section in Fig. 3͑b͒ . The bending moments calculated by the loading of the structure and by the loading of the influence line are identical. Every relevant effect ͑internal forces, reaction forces͒ must be calculated and compared, and consequently, every relevant influence line must be considered. Typical influence lines for different bridge structures are shown in Fig. 4 .
We observe that only the shapes of the influence lines are important-their ordinates are irrelevant because we are interested only in the ratio ͑n͒ and not in the real values of the internal forces.
Here we propose the usage of three artificial influence lines, shown in Fig. 5 . The maximum ordinates of these lines are chosen as shown in Fig. 5 ; however, as we stated above, these values do not influence the results of the calculations. The lengths of the influence lines ͑x͒ varies between zero and a maximum value ͑e.g., the length of a simply supported bridge, 0 ഛ x ഛ l͒; the maximum value will be discussed for different bridges in the verification section. For a simply supported beam M and B are identical to the shape of the reaction force influence line and to the bending moment influence line of the midsection, respectively, when x = l. For a continuous span bridge, the influence The application of these three artificial influence lines has several advantages over the accurate calculation of the internal forces: ͑1͒ most importantly, it requires very few input datain addition to the axle spacing and axle loads, only the spans of the bridges are needed; and ͑2͒ the calculation is very fast ͑the required algorithm is given in Appendix III͒.
We recall that the method of comparison of the axle loads also has the above advantages over the accurate calculation. Hence the question arises: why do we need a new method? The usage of the artificial influence lines has the advantage over the comparison of the axle loads that it is more accurate and more robust. It was demonstrated by several researchers that the comparison of the axle loads ͑e.g., the use of the federal bridge formula͒ may be inaccurate, should be used only for limited spans ͑James et al. 1986͒ and gross loads, and only for simple span bridges. ͑The comparison of the three methods is also shown in Table 1 . ͒ We must admit that the proposed method has a few disadvantages: it is less accurate than the accurate calculation of the internal forces, and may result in either a too conservative or an unsafe design. This question will be addressed in the verification section, and we will see that the proposed method has reasonable accuracy. A disadvantage of the method of artificial influence lines over the comparison of the axle loads is that it is more complicated-the latter requires the application of a simple formula, which can be used also with hand calculation. We must agree with this criticism; however, we emphasize that ͑1͒ the same number of inputs are needed in both methods ͑the comparison of axle loads also requires the knowledge of the bridge span, because it may be used only under a maximum span͒; and ͑2͒ the calculation of the artificial influence lines can be carried out by very fast matrix manipulations ͑loops can be avoided͒. These calculations require a computer, but the method is fast and reliable ͑see Appendix III͒.
The usage of the artificial influence lines is demonstrated in Fig. 6 . The right column can be interpreted as the comparison of the midspan bending moments of a simple span bridge. M DLV ͑x͒=the maximum value obtained from B ͑with length x͒ considering every possible position of the DLV. M OV is calculated similarly. The strength ratio is defined as
͑2͒
It can be seen that the bending moment induced by the DLV is greater than that of the OV when x is smaller then 6 m; however, it is smaller when xϾ6 m. The middle column can be considered the comparison of either the reaction forces or the maximum shear forces, while the left column can be considered the 
Failure of the Main Girders and of the Second-Order Members
The bridge is a complex structure that may consist of main girders, cross girders, bridge deck, etc., and we must avoid the failure of any of them. Failure of the main girder or of the supports is referred to as "global failure," while the failure of the cross girders, bridge deck, etc., is called "local failure."
The local failure of the bridge deck can be caused by the punching shear induced by one axle, which can be investigated by the comparison of the maximum axle loads. This is identical to the usage of P ͓Fig. 6͑a͔͒ with xϭ0. The punching can also be caused by two axles that are close to each other. For example, in Fig. 6 the two axles of the OV are closer to each other than the axles of the DLV, but the resultant of these two axles is still smaller than the maximum axle load of the DLV. This is shown in the left column of Fig. 6 , where at xϭ2 m, E P ϭ178 and 170 kN for the DLV and OV, respectively. As a consequence P can be used to investigate the local failure, where x should be significantly smaller than the span of the bridge ͑for example, 0 ഛ x ഛ 0.2l͒. The load on the cross girder depends on the locations and the stiffnesses of the girders. The influence lines of these girders can have different shapes-their ͑positive͒ parts are significantly shorter than the span. We propose to use all the three artificial influence lines to take into account the local effects. The stress ratio for local effects is defined as
where l loc ϭshort distance ͑e.g., l loc = 0.2l͒. When we compare the internal forces of the main girder due to the DLV and due to the OV, we may face the following problem, which is illustrated in Fig. 7 for a simply supported single span bridge. The dashed line is the bending moment envelope due to the DLV, while the solid line is the bending moment envelope due to the OV. It can be seen that the midsection can carry the OV:
However, close to the support, where the bending , it cannot carry the OV. In reality, cross sections with internal forces less than the maximum value are built to larger dimensions and therefore have a higher safety level. In addition, in practical design, the sections have minimum dimensions and as a consequence a minimum load-bearing capacity. Hence a parameter ␣ is introduced, and it is assumed that every cross section is capable to carry at least ␣M max bending moment. By so doing the bridge shown in Fig. 7͑b͒ may carry the OV.
Verification
In this section, we will apply the method of artificial influence lines for simple span bridges, two span bridges, continuous span bridges, trusses, and arches, and we will determine the accuracy of the suggested method. The accurate calculation was carried out with a finite-element program containing beam elements.
First, we have calculated the maximum internal forces ͑and maximum reactions͒ caused by the DLV. They are denoted 
where n loc ϭstress ratio ͓Eq. ͑3͔͒ according to the local failure. Next, n P , n M , and n B are calculated as described in the approach section, and the stress ratio is calculated by
where n P , n M , and n B are calculated for different lengths
The accuracy of the method can be determined by
When ␤ϭ1, the result is accurate; when ␤Ͼ1 the method is conservative; and when ␤Ͻ1 it is not conservative.
In Fig. 2 , some of the vehicle loads are shown that are considered in the verification. In Figs. 2͑a-c͒ the Hungarian and the U.S. DLV are given ͑Standard Specifications 1989͒. Figs. 2͑d-f͒ show real truck loads. Note that in the verification of the method the gross weights of the vehicles do not matter. In Appendix II we list all the vehicle loads that were taken into account in the verification.
We have calculated the ␤ parameter, and the smallest and the highest values of ␤ are given in tables of the following subsections. The results depend on the following parameters:
• Type and geometry of the bridge; • Type of DLV ͓we will consider three cases: the DLV is given in Fig. 2͑a͒ , denoted by "Hungary"; the DLV is given in Figs. 2͑b and c͒, denoted by "USA"; and the DLV can be any of the loads listed in Tables 7 and 8 In the calculation, every single load in Tables 7 and 9 is taken into account as OV.
We emphasize that these comparisons ͑verifications͒ show the effect of global failure of the bridge. For those DLVs where the local failure governs the design ͓when Eq. ͑4͒ gives n accurate = n loc ͔, ␤ is obviously greater than or equal to unity. ͑In these cases the method may be more conservative than the values given in the following tables. A better accuracy can be achieved if we have knowledge on the details of the bridge.͒
Simple Span Bridges
We consider a simple span bridge shown in Fig. 8͑a͒ . In the accurate calculation ͓Eq. ͑1͔͒ we compared the bending moments, the shear forces, and the reaction forces. We considered five different spans, where lϭ10, 15, 20, 30, and 50 m.
The number of vehicle loads is 33; hence a total number of 2,860 bridge calculations were carried out. ͑The bending moment and shear force envelope were, in each case, calculated by loading the bridge in more then 40 different positions.͒ The results are shown in Table 2 . In the calculation of ␤s the following parameters were used: l loc = 0.2l, l B = l M = l. Note that in this case M and B give the exact shear force at the support and the exact bending moment at the midspan.
Continuous Span Bridges
We considered two-span and three-span bridges shown in Figs. 8͑b-f͒, with spans lϭ10, 15, 20, 30, and 50 m. In the accurate calculation we take into account the bending moments, shear forces, and the reaction forces. In the calculation of ␤s l loc = 0.2l, l B = l M = l were considered. The results for l P = l 1 + 0.6l 2 and ␣ϭ0.5 are given in the top three rows of Table 3 . The last three rows were calculated similarly to those of Table 5 , which will be discussed in the section on arch bridges. Further results are presented in Vigh ͑2006͒.
For the last case ͓Fig. 8͑f͔͒ it was assumed that the second moment of inertia is changing from I 0 to 8I 0 , following a second order parabola.
Truss Bridges
We consider trusses with the shapes shown in Fig. 9 . The numbers of cells were 6, 12, 18, 24, and 30, while the lengths were 10, 20, 30, 40, and 50 m. In the accurate calculation we calculate the bar forces and reaction forces. The total number of the calculated cases was about 5,720. The results are given in Table 4 ; further results can be found in Vigh ͑2006͒.
Arch Bridges
We consider the arch bridges with the geometrical and stiffness characteristics shown in Fig. 10 . The height of the arch was f = 0.3l, the axial elongation of the columns were neglected, and it was assumed that their connections to the arch and to the deck are hinged. The spans of the bridge are lϭ20, 30, 40, and 50 m, while the number of suspenders are n5,15. In the accurate analysis we calculated the axial forces in all the elements, the bending moments and the shear forces in the arch and in the deck, and the reaction forces. The results are given in the upper three rows of Table 5 .
The accuracy of the calculation is significantly smaller than in the previous cases. The reason is that the influence lines of the deck consist of both positive and negative parts, while the artificial influence lines have only positive parts. The change in sign within an influence line means that some of the axles may reduce the total effect of the vehicle load. Engineering practice often does not take into account these axles, and for example, according to the Eurocode ͓European Standard EN1991-2 ͑European Standard 2002͔͒, the designer must neglect those axles, which reduce the effect ͑moment, stress, etc.͒ at the considered cross section. The accurate calculations were also carried out with this assumption: we took into account-for the DLV-only those axles that increase the effect at a given cross section. The results of the calculation are presented in the lower three rows of Table 5 .
Numerical Example
We consider a two-span bridge, both with 10-m spans ͓Fig. 11͑a͔͒. The bridge was designed for the DLV with three axles ͓Fig. 2͑c͔͒, and its gross weight is 400.5 kN. The OV has six axles ͓Fig. 2͑f͔͒, and its gross weight is 478.4 kN.
We wish to calculate the safety ͑n͒ of the bridge with the approximate method of artificial influence lines and also to determine the accuracy of the method with the aid of the calculation of internal forces. We may expect that the critical section of a two-span bridge be either at the midspans or at the middle support. In this case, the critical cross section is left of the middle span ͓identified by a bullet in Fig. 11͑c͔͒ ; here, the ratio of bending moments is the lowest, with n accurate = M DLV / M OV ϭ0.802. Both the shear force ͑V DLV ͒ and the bending moment ͑M DLV ͒ envelopes caused by DLV contain a horizontal line due to a minimum load bearing capacity. As we mentioned before, every cross section can carry at least ␣T max shear force and ␣M max bending moment, where ␣ϭ0.5.
Then, we use the artificial influence lines. The effects E P , E M , and E B caused by the DLV and the OV are shown in Fig. 6 . The safety, defined as n = E DLV / E OV is also shown in Fig. 6 , and it is reiterated in Fig. 12͑a͒. In Fig. 12͑b͒ , the minimum values of n in the 0 . . . x interval are plotted. As it was stated in the continuous span bridge section, the P line is evaluated at l P = l 1 + 0.6l 2 ͑here l 1 = l 2 = lϭ10 m͒, while the M and the B lines are evaluated at l B = l M = l; thus we have n P ϭ0.682 at l P ϭ16 m and n M ϭ0.890, n B ϭ0.860 at l B ϭ10 m.
Finally, the minimum safety is calculated as n = min͑n P , n M , n B ͒ = n P ϭ0.682. The comparison of internal forces gave 0.802. We found that in this case, the approximate calculation is on the safe side, and the difference is only 18%.
Discussion
In this paper we presented a new method for comparing the effects of overweight and design load vehicles. This method contains a few parameters listed in the verification section. In the calculations, for every type of bridge, the maximum length of l M and l B was equal to the span of the bridge ͑or to the longest span of a multispan bridge͒. The reason is that these are good approximations of the shear force and bending moment influence lines. The length of l P was chosen according to the result of the numerical calculations, which are summarized in Table 6 .
The ␣ value was also investigated numerically, and it was found that ␣ϭ0.5 can be recommended for every case. Fig. 10 ; l P = 0.7l and ␣ = 0.5. The recommended and applied parameters are l B = l M = l, and l P is given in the last row. In the calculation, we took into account all the loads given in Tables 7 and 8 as OV, while the considered DLVs are as follows: for USA, the load is given in Figs. 2͑b and c͒; for Hungary, the load is given in Fig. 2͑a͒ ; and for ALL, all the loads are considered, which are given in Tables 7 and 9 . 
With these parameters more than 15,000 calculations were carried out to verify the method. In most of the cases, the method is conservative; the maximum error on the unsafe side is 15%, as summarized in Table 6 for different bridge structures ͑the error on the unsafe side can also be compensated by applying a safety factor͒.
The main advantage of the method is that it requires very little bridge data ͑the spans͒, and it is robust and reliable, which is demonstrated and verified by several thousand comparisons.
This method can serve as the basic building block of the permitting procedure of overweight vehicles. In an application, it is worthwhile to extend the method by considering the effect of ͑1͒ the distributed loads and ͑2͒ the effect of the width of the load and the position of the load perpendicular to the bridge axis.
The presented method, together with the listed parameters, was built in a computer program, which is used by the Technical and Information Services on National Roads, Hungary.
In developing the method, after the birth of the basic idea ͑Kollár 2001͒ we were facing the questions: Which and how many artificial influence lines have to be taken into account ͑possibly different lines for different bridge structures͒, to obtain a robust, reliable, and relatively simple procedure?
For example, we may consider only the P influence lines ͑with a total length of l P = l for simple span͒ instead of the three lines given in Fig. 5͑a͒ . As a result the accuracy is significantly less-on the unsafe side it is about 0.9, while on the safe side it is very high ͑as can be seen, for example, in simply supported bridges in Table 2 , last line͒. As a consequence, the application of P only is not recommended.
To apply a few further influence lines may increase the ␤ min value; however, it also may increase the ␤ max values, and hence it is not recommended either. It can also be shown ͑see Appendix III͒ that influence lines with arbitrary shapes may give very conservative results.
A possible change in the method is to use a trapezoidal line instead of P to avoid "jumps" in the E͑x͒ lines. It was found ͑Vigh 2006͒ that it has only very minor effects on the accuracy of the method and it is more complicated than the method described in Appendix III.
Our recommendation, as it was stated before, is to use the lines in Fig. 5 , with the parameters given in Table 6 .
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Appendix I. Determination of the "Most Dangerous" Influence Lines
As stated in the approach section, the different effects ͑such as bending moment, shear force, etc.͒ can be investigated with the aid of influence lines. We suggested three artificial influence lines given in Fig. 5 . The question arises: Can we determine mathematically those influence lines that give the lowest value of n? By so doing, we may have a process, which is conservative and scientifically rigorously proven.
It is easy to show in an example that this process may lead to a result that is too conservative and cannot be used in the practical cases. Let us consider a DLV and an OV with identical axle loads, but different axle spacing. The minimum value of n is resulting Fig. 12 . ͑a͒ Safeties n P , n M , n B due to the P, M, and B influence lines as the function of length and ͑b͒ minimum values of n P , n M , and n B in the 0 . . . x interval ͑n accurate = 0.8 is calculated with the comparison of the internal forces͒ Fig. 13 . Unrealistic influence line from the influence line, which has zero values everywhere, but under the axles of the OV, it is equal to unity ͑Fig. 13͒. For this case n =1/m, where m=number of axles of the OV. Note that this influence line results in a mathematical minimum; however, it is unrealistic and gives unreasonable results. ͑This is the reason why we investigated "real" structures in the verification section.͒ Let us now investigate a problem that has limited practical use but is closer to the real cases. Let us assume that both the DLV and the OV are symmetrical continuous loads, which are monotonously increasing from the left to the middle. We also assume that the yet unknown influence line has the same characteristics. For simplicity, we assume that the maximum value of the DLV and OV are the same as shown in Figs. 14 and 15. For the case when there is one intersection of the function OV and DLV ͑Fig. 14͒ it can be shown that the influence lines result in the lowest and the highest n when the influence lines are uniform ͓denoted by P in Fig. 5͑a͔͒ . When the functions of the loads have more intersections the influence lines that provide the maximum and minimum n must be chosen from those constant influence lines, which end at the intersection points. As can be seen from this example, the P line can serve as the "most dangerous" influence line in many cases.
When the loads are not symmetrical and they are not monotonic, more complex influence lines may be the most dangerous. In Fig. 16 , we show two examples where for the given OV and DLV, we determined numerically the influence lines, which result in the lowest n. Note that we applied the restriction to the influence lines that they are positive and must have a monotonically increasing and a monotonically decreasing part. In the calculation, the "fmins" algorithm of MATLAB was used. The influence lines were composed with 20 linear sections, hence the optimization included 21 parameters. 
Appendix II. Considered Vehicle Loads

Appendix III. Calculation of the Effects with the Artificial Influence Lines
The most dangerous placement of loads on a structure ͑or on an influence line͒ can be determined by moving the load in small steps along the structure ͑or along the influence line͒. This calculation must be carried out, in our case, for different lengths of the influence lines, which requires a step-by-step increase of the length of the lines. To avoid this time-consuming calculation, a simple, very fast algorithm is presented below. The calculation, instead of a double loop, requires matrix manipulations only.
Calculation of E P
We consider a vehicle load that consists of n concentrated ͑axle͒ loads ͑Fig. 17, top͒. There are n͑n +1͒ / 2 different possible arrangements of loads, which are shown also in Fig. 17 and explained below. The very left force, which is placed on the influence line, can be P 1 , P 2 , . . . , P n−1 , P n as shown in the rows of Fig. 17 . The last load is denoted by P k and k can take the values shown in Fig. 17 , on the right. As we stated above, there are m = n + ͑n −1͒ + ͑n −2͒ + . . . + 1 =n͑n +1͒ / 2 arrangements. We treat these force arrangements as load cases, from t =1 to m; in every case we have a force vector ͑e.g., P i = ͕P j , P j+1 , . . . , P k ͖͒ and a distance vector ͑d i , the elements of d i =distances of the forces from the first ͑left͒ force, hence the first element is zero͒, and we also determine the length of the load ͑l i ͒, the distance between the first and last force. In Fig. 17 , l i = l jk is shown.
The effect E P can be calculated for every load case. For example, for the ith load case, when the length of the influence line l is equal to or greater than the length of the load case ͑l i ͒, X P,i is the sum of the forces E P,i = P i e i if l ജ l i where e i =vector containing unities and it has the same number of elements as P i . The E P,i , l i values are shown in Fig. 18͑a͒ . E P,i is valid for any value of l ജ l i . In this calculation every possible load case is considered, and hence we can make the envelope, as shown in Fig. 18͑b͒ , obtain the E P ͑l͒ curve.
Calculation of E M
The load cases are identical to those which were determined for the calculation of E P,i . The loads may move backward, which we take into account by considering two M lines, as shown in Fig. 19 ͑and the directions of the loads will not be changed͒. Fig. 17 . Calculation of the P line Fig. 18 . Determination of E P ͑l͒ curve 
